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Abstract
In this paper, we introduce a notion of a central U(1)-extension of
a double Lie groupoid and show that it defines a cocycle in the certain
triple complex.
1 Introduction
In [1][2][19] and related papers, K. Behrend, J.-L. Tu, P. Xu and C. Laurent-
Gengoux have developed a theory of central U(1)-extensions of Lie groupoids.
On the other hand, there is a theory of double Lie groupoids due to R.Brown,
K.C.H. Mackenzie, Mehta Rajan Amit and Tang, X [4][8][9]. In this paper,
we combine these two theories and introduce a notion of a central U(1)-
extension of a double Lie groupoid. Given a double Lie groupoid, we can
construct a bisimplicial manifold and a triple complex on it. If a double Lie
groupoid have a central U(1)-extension, we show that we can construct a
3-cocycle in the triple complex.
2 Lie groupoids and double complexes
At first we recall the definition of Lie groupoids following [10].
Definition 2.1. A Lie groupoid Γ1 over a manifold Γ0 is a pair (Γ1,Γ0)
equipped with following differentiable maps:
(i) surjective submersions s, t : Γ1 → Γ0 called the source and target maps
respectively;
(ii) m : Γ2 → Γ1 called multiplication, where Γ2 := {(x1, x2) ∈ Γ1 ×
1
Γ1| t(x1) = s(x2)};
(iii) an injection e : Γ0 → Γ1 called identities;
(iv) ι : Γ1 → Γ1 called inversion.
These maps must satisfy:
(1) (associative law) m(m(x1, x2), x3) = m(x1, m(x2, x3)) if one is defined, so
is the other;
(2) (identities) for each x ∈ Γ1, (e(s(x)), x) ∈ Γ2, (x, e(t(x))) ∈ Γ2 and
m(e(s(x)), x) = m(x, e(t(x))) = x;
(3) (inverses) for each x ∈ Γ1, (x, ι(x)) ∈ Γ2, (ι(x), x) ∈ Γ2, m(x, ι(x)) =
e(s(x)), and m(ι(x), x) = e(t(x)).
In this paper we denote a Lie groupoid by Γ1 ⇒ Γ0.
Example 2.1. Suppose that G is a Lie group. Then we have a Lie groupoid
G⇒ ∗.
Example 2.2. Suppose that M is a manifold. Then we have a Lie groupoid
Γ1 = M ×M , Γ0 = M . The source map s : M ×M → M is a projection
map into the first factor and the target map t is a projection into the second
factor. This groupoid M ×M ⇒M is called a pair groupoid.
Example 2.3. Suppose that G is a Lie group acting on a manifold M by
left. Then we have a Lie groupoid Γ1 = G×M , Γ0 = M . The source map s
is defined as s(g, u) = u and the target map t is defined as t(g, u) = gu. This
groupoid M ⋊G⇒ M is often called an action groupoid.
Example 2.4. Suppose that M is a manifold and {Uα} is a covering of M .
Then we have a Lie groupoid Γ1 =
∐
(Uα∩Uβ), Γ0 =
∐
Uα. The source map
s is an inclusion map into Uα and the target map t is an inclusion map into
Uβ.
Let Γ1 ⇒ Γ0 be a Lie groupoid and denote by s, t,m the source and
target maps, and the multiplication of it respectively. Then we can define a
simplicial manifold NΓ as follows:
NΓ(p) := {(x1, · · · , xp) ∈
p−times︷ ︸︸ ︷
Γ1 × · · · × Γ1 | t(xj) = s(xj+1) j = 1, · · · , p−1},
face operators εi : NΓ(p)→ NΓ(p− 1)
εi(x1, · · · , xp) =


(x2, · · · , xp) i = 0
(x1, · · · , m(xi, xi+1), · · · , xp) i = 1, · · · , p− 1
(x1, · · · , xp−1) i = p.
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Then recall how to construct a double complex associated to a simplicial
manifold.
Definition 2.2. For any simplicial manifold {X∗} with face operators {ε∗},
we define a double complex as follows:
Ωp,q(X) := Ωq(Xp).
Derivatives are:
d′ :=
p+1∑
i=0
(−1)iε∗i , d
′′ := (−1)p × the exterior differential on Ω∗(Xp).
To any simplicial manifold {X∗}, we can associate a topological space
‖ X∗ ‖ called the fat realization.
Theorem 2.1 ([3] [6] [11]). There exists a ring isomorphism
H(Ω∗(X∗)) ∼= H
∗(‖ X∗ ‖).
Here Ω∗(X∗) means the total complex.
Example 2.5. In the case of an action groupoid M ⋊G⇒ M for a compact
Lie group G, H(Ω∗(NΓ)) is isomorphic to the Borel model of the equivariant
cohomology H∗G(M) := H
∗(EG×G M).
Example 2.6. In the case of the groupoid
∐
(Uα ∩ Uβ) ⇒
∐
Uα for a good
covering {Uα} in example 2.4, H(Ω
∗(NΓ)) is isomorphic to H∗(M).
3 A central U(1)-extension of a Lie groupoid
Now we recall the notion of a central U(1)-extension of a Lie groupoid in [2].
Definition 3.1. A central U(1)-extension of a Lie groupoid Γ1 ⇒ Γ0 consists
of a morphism of Lie groupoids
Γ̂1 ⇒ Γ0
↓ pi ↓ id
Γ1 ⇒ Γ0
and a right U(1)-action on Γ̂1, making pi : Γ̂1 → Γ1 a principal U(1)-bundle.
For any z1, z2 ∈ U(1) and (xˆ1, xˆ2) ∈ N Γ̂(2) := {(yˆ1, yˆ2) ∈ Γ̂1 × Γ̂1| t(yˆ1) =
s(yˆ2)}, the equation mˆ(xˆ1z1, xˆ2z2) = mˆ(xˆ1, xˆ2)z1z2 holds.
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Let Γ̂1 → Γ1 ⇒ Γ0 be a central U(1)-extension of a Lie groupoid Γ1 ⇒ Γ0.
Using the face operators {εi} : NΓ(2) → Γ1, we can construct the U(1)-
bundle over NΓ(2) as δΓ̂1 := ε0
∗Γ̂1⊗ (ε1
∗Γ̂1)
⊗−1⊗ ε2
∗Γ̂1. Here we define the
tensor product S ⊗ T of U(1)-bundles S and T over M as:
S ⊗ T :=
⋃
x∈M
(Sx × Tx)/(s, t) ∼ (su, tu
−1), (u ∈ U(1)).
Note that there is a natural section sˆnt of δΓ̂1 defined as:
sˆnt(x1, x2) := [((x1, x2), xˆ2), ((x1, x2), mˆ(xˆ1, xˆ2))
⊗−1, ((x1, x2), xˆ1)].
Furthermore, because of the associative law of Γ1 ⇒ Γ0, δ(δΓ̂1)) is canoni-
cally isomorphic to the product bundle and δsˆnt = 1 holds.
A bundle gerbe, which is introduced by M.K.Murray[12], is a very impor-
tant example of central U(1)-extensions of Lie groupoids.
Definition 3.2 (Murray-Stevenson, [12][13]). Given a surjective submersion
φ : Y →M , we obtain the groupoid Y [2] ⇒ Y where Y [2] is the fiber product
defined as Y [2] := {(y1, y2)|φ(y1) = φ(y2)}. The source and target maps are
defined as s(y1, y2) = y2, t(y1, y2) = y1 respectively.
A bundle gerbe over M is a pair of φ : Y → M , a principal U(1)-bundle
Ŷ [2] over Y [2] and a section sˆ of δŶ [2] which satisfies δsˆ = 1.
Remark 3.1. Without the assumption of the existence of sˆ, δŶ [2] is not neces-
sarily trivial. By using sˆ, we can construct a multiplication mˆ : Ŷ [2]× Ŷ [2] →
Ŷ [2] such that sˆ is a natural section of δŶ [2]. Hence we can recognize bundle
gerbe as a kind of a central U(1)-extension of a Lie groupoid.
4 A cocycle in the double complex
For any connection θ on a U(1)-bundle Γ̂1 → Γ1, there is the induced con-
nection δθ on δΓ̂1.
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Proposition 4.1. Let c1(θ) denote the 2-form on Γ1 which hits
(
−1
2pii
)
dθ ∈
Ω2(Γ̂1) by pi
∗, and sˆ a global section of δΓ̂1 such that δsˆ := ε
∗
0sˆ⊗ (ε
∗
1sˆ)
⊗−1 ⊗
ε∗2sˆ⊗ (ε
∗
3sˆ)
⊗−1 = 1. Then the following equations hold.
(ε∗0 − ε
∗
1 + ε
∗
2)c1(θ) =
(
−1
2pii
)
d(sˆ∗(δθ)) ∈ Ω2(NΓ(2)),
(ε∗0 − ε
∗
1 + ε
∗
2 − ε
∗
3)(sˆ
∗(δθ)) = 0.
Proof. See [14][15] or [17].
The proposition above give the cocycle below.
0x−d
c1(θ) ∈ Ω
2(Γ1)
ε∗
0
−ε∗
1
+ε∗
2−−−−−→ Ω2(NΓ(2))xd
−
(
−1
2pii
)
sˆ∗(δθ) ∈ Ω1(NΓ(2))
ε∗
0
−ε∗
1
+ε∗
2
−ε∗
3−−−−−−−−→ 0.
Let Γ̂1 → Γ1 ⇒ Γ0 be a central U(1)-extension of a groupoid and θ be a
connection form of the U(1)-bundle Γ̂1 → Γ1. In [1][2] and related papers,
K. Behrend and P. Xu addB ∈ Ω2(Γ0) to θ and call θ+B a pseudo-connection
of Γ̂1 → Γ1 ⇒ Γ0.
0xd
Ω3(Γ0)
d′
−−−→ ∗xd x−d
B ∈ Ω2(Γ0)
d′
−−−→ Ω2(Γ̂1)
d′
−−−→ ∗x−d xd
θ ∈ Ω1(Γ̂1)
d′
−−−→ Ω1(N Γ̂(2))
d′
−−−→ 0.
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Theorem 4.1 ([1][2]). For any pseudo-connection B + θ, there exists a 3-
cocycle µ + ω + η, µ ∈ Ω3(Γ0), ω ∈ Ω
2(Γ1), η ∈ Ω
1(NΓ1(2)) which satisfies
pi∗(µ+ω+ η) = (d′+ d′′)(B+ θ). This 3-cocycle is called a pseudo-curvature
of B + θ.
0xd
µ ∈ Ω3(Γ0)
d′
−−−→ Ω3(Γ1)x−d
ω ∈ Ω2(Γ1)
d′
−−−→ Ω2(NΓ(2))xd
η ∈ Ω1(NΓ(2))
d′
−−−→ 0.
Theorem 4.2 ([1][2]). Assume that Γ1 ⇒ Γ0 is a proper Lie groupoid. Given
any 3-cocycle µ+ ω + η ∈ Z3dR(Γ∗) such that
(1) [µ+ ω + η] is integral, and
(2) µ is exact.
Then there exists a Lie groupoid S1-central extension Γ̂1 → Γ1 ⇒ Γ0 and
a pseudo-connection θ+B ∈ Ω1(Γ̂1)⊕Ω
2(Γ0) such that its pseudo-curvature
is equal to µ+ ω + η.
Proposition 4.2. We take sˆ = sˆnt and B = 0, then the following equations
hold.
ω = c1(θ),
η = −
(
−1
2pii
)
sˆ∗nt(δθ).
Proof. See [17].
5 Double Lie groupoids and triple complexes
We recall the definition of double Lie groupoids following [9].
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Definition 5.1.
ΓV1 ⇔ Γ¯
 
Γ0 ⇔ Γ
H
1
The square above is a double Lie groupoid if the following conditions hold:
(1) The horizontal and vertical source and target maps commute:
s ◦ sH = s ◦ sV , t ◦ tH = t ◦ tV
t ◦ sH = s ◦ tV , s ◦ tH = t ◦ sV .
Here we use s and t to denote the source and target maps from either ΓV1 or
ΓH1 to Γ0.
(2) The following equations hold:
sV (mH(x1, x2)) = m(sV (x1), sV (x2)), tV (mH(x1, x2)) = m(tV (x1), tV (x2)),
sH(mV (x1, x2)) = m(sH(x1), sH(x3)), tH(mV (x1, x3)) = m(sH(x1), sH(x2)),
for all xi ∈ Γ¯ such that sHx1 = tHx2 and sV x1 = tV x3.
(3) The interchange law
mV (mH(x11, x12), mH(x21, x22)) = mH(mV (x11, x21), mV (x12, x22))
holds for x11, x12, x21, x22 ∈ Γ¯ such that sH(xi1) = tH(xi2) and sV (x1i) =
tV (x2i) for i = 1, 2.
(4) The double-source map (sV , sH) : Γ¯ → Γ
V
1 s ×s Γ
H
1 is a submersion,
where ΓV1 s ×s Γ
H
1 := {(x1, x2) ∈ Γ
V
1 × Γ
H
1 | s(x1) = s(x2)}.
Example 5.1. For any smooth manifold M , we have a following double Lie
groupoid:
M ⇔ M
 
M ⇔ M
Example 5.2. Let G be a Lie group and H be a subgroup of G. We define
the product of G ⋊ H as: (g1, h1) ⋊ (g2, h2) := (g1h1g2h
−1
1 , h1h2). Then we
have a following double Lie groupoid:
H ⇔ G⋊H
 
∗ ⇔ G
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Example 5.3. Let Γ1 ⇒ Γ0 be a Lie groupoid. Then the following square is
a double Lie groupoid.
Γ1 ⇔ Γ1 × Γ1
 
Γ0 ⇔ Γ0 × Γ0
Here the horizontal edges are pair groupoids. This double groupoid is called
a pair double groupoid.
Example 5.4. Let Γ1 ⇒ Γ0 be a G-groupoid, i.e. both Γ1 and Γ0 are G-
manifolds and all structure maps are G-equivariant [7]. Then the following
square is a double Lie groupoid.
Γ1 ⇔ Γ1 ×G
 
Γ0 ⇔ Γ0 ×G
Here the horizontal edges are action groupoids.
You can find more examples in [9].
A bisimplicial manifold {X∗,∗} is a sequence of manifolds with horizontal
and vertical face and degeneracy operators which commute with each other.
Given a double Lie groupoid, we can define a bisimplicial manifold as
follows[9]:
For p, q ≥ 1,
N Γ¯(p, q) := {(xij)1≤i≤p,1≤j≤q|
xij ∈ Γ¯, tH(xij) = sH(xi(j+1)), tV (xij) = sV (x(i+1)j)}
For q = 0, N Γ¯(p, 0) := NΓH1 (p) and for p = 0, N Γ¯(0, q) := NΓ
V
1 (q).
Definition 5.2. For a bisimplicial manifold {X∗,∗}, we can construct a triple
complex on it in the following way:
Ωp,q,r(X∗,∗) := Ω
r(Xp,q)
Derivatives are:
d′ :=
p+1∑
i=0
(−1)i(εHoi )
∗, d′′ :=
q+1∑
i=0
(−1)i(εV ei )
∗ × (−1)p,
d′′′ := (−1)p+q × the exterior differential on Ω∗(Xp,q).
Here εHoi and ε
V e
i are horizontal and vertical face operators of {X∗,∗}.
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6 A central U(1)-extension of a double Lie
groupoid
Definition 6.1. A central U(1)-extension of a double Lie groupoid consists
of U(1)-extensions of Lie groupoids
Γ̂V1 ⇒ Γ0
↓ piV ↓ id
ΓV1 ⇒ Γ0
and
Γ̂H1 ⇒ Γ0
↓ piH ↓ id
ΓH1 ⇒ Γ0
and a section s¯ of U(1)-bundle δ̂¯Γ := sV ∗Γ̂V1 ⊗ (tV ∗Γ̂V1 )⊗−1 ⊗ (sH∗Γ̂H1 )⊗−1 ⊗
tH
∗Γ̂H1 → Γ¯ which satisfies the following conditions:
(1) δs¯ = δsHnt on δ(δ
̂¯Γ)→ N Γ¯(2, 1).
(2) δs¯ = δsVnt on δ(δ
̂¯Γ)→ N Γ¯(1, 2).
Here δsHnt is a natural section of δΓ̂
H
1 → N Γ¯(2, 0) and δs
V
nt is a natural
section of δΓ̂V1 → N Γ¯(0, 2).
Example 6.1. It is well-known that the free loop group of SU(2) have a non-
trivial central U(1)-extension [5][16]. So the following double Lie groupoid
have a central U(1)-extension.
LSU(2) ⇔ LSU(2)⋊ LSU(2)
 
∗ ⇔ LSU(2)
Example 6.2. Let Γ1 ⇒ Γ0 be a G-groupoid assume that it have a central
U(1)-extension. Then the double Lie groupoid in the example 5.4 have a
central U(1)-extension.
7 A cocycle in the triple complex
Definition 7.1. Let θV ∈ Ω1(Γ̂V1 ) be a connection of U(1)-bundle Γ̂
V
1 → Γ
V
1
and θH ∈ Ω1(Γ̂H1 ) be a connection of U(1)-bundle Γ̂
H
1 → Γ
H
1 . We call θ
V +θH
a connection of a central U(1)-extension of a double Lie groupoid.
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Theorem 7.1. For any central U(1)-extension of a double Lie groupoid,
we can construct a 3-cocycle ωV + ωH + η¯ + ηV + ηH ∈ Ω3(N Γ¯), ωV ∈
Ω2(ΓV1 ), ω
H ∈ Ω2(ΓH1 ), η¯ ∈ Ω
1(Γ¯), ηV ∈ Ω1(NΓV (2)), ηH ∈ Ω1(NΓH(2)).
Proof. We set:
ωV := c1(θ
V ), ωH := −c1(θ
H)
ηV := −
(
−1
2pii
)
sVnt
∗
(δθV ), ηH :=
(
−1
2pii
)
sHnt
∗
(δθH).
Then d′′ωV + d′′′µV = 0 and d′ωH + d′′′µH = 0 follows from the proposition
4.1.
We define η¯ as:
η¯ := −
(
−1
2pii
)
s¯∗δ(δθHδθV ).
Then we can see that the equations d′η¯ + d′′ηH = 0, d′′η¯ + d′ηV = 0, d′′′η¯ +
d′ωV + d′′ωH = 0 hold because the properties of s¯, therefore ωV + ωH + η¯ +
ηV + ηH is a cocycle.
Remark 7.1. If the following double Lie groupoid exists,
Γ̂V1 ⇔
̂¯Γ
 
Γ̂0 ⇔ Γ̂
H
1
and s have a kind of naturality, i.e. −
(
−1
2pii
)
(d′θV + d′′θH) = pi∗η¯ holds,
then the following equation holds true:
piV
∗(ωV + µV ) + piH
∗(ωH + µH) + p¯i∗η¯ = −
(
−1
2pii
)
(d′ + d′′ + d′′′)(θV + θH).
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